A thermodynamic analysis of the Fe-Zr-B ternary system has been carried out using the CALPHAD method. Among the three binary systems present in the ternary phase diagram, the thermodynamic descriptions of the Fe-Zr and Fe-B binary systems were taken from reported results and from our previous study, respectively. The thermodynamic parameters of the Zr-B binary system were evaluated using the thermochemical properties from our first-principles calculations, as well as available experimental data. In this modelling, the Gibbs energy of ZrB 2 with an AlB 2 -type structure was represented using the two-sublattice model, in which vacancies were introduced into both the Zr and the B sublattices, following the recent data obtained from neutron diffraction experiments on NbB 2 with the same structure as that of ZrB 2 . The optimized thermodynamic parameters of the Zr-B system enabled us to obtain reproducible calculations of the experimental data on phase boundaries and formation enthalpies obtained from first-principles calculations. The ternary parameters were determined using the experimental data on phase boundaries. The calculated results have nicely reproduced the experimental Fe-Zr-B ternary phase diagrams.
Introduction
It is well known that Fe-M-B amorphous alloys (where M ¼ Zr, Hf, and Nb) exhibit excellent soft magnetic properties on crystallization. [1] [2] [3] [4] The crystallized microstructure consists of a large portion of Fe grains embedded in a small fraction of the residual amorphous phase. As the nanocrystalline structure is formed in the primary crystallization reaction from the amorphous phase, much attention has been paid to the mechanism of the nanocrystalline structural evolution in these alloys. 5) Furthermore, to improve their soft magnetic properties and their glass-forming ability, the effect of the addition of a small amount of alloying elements has also been investigated.
The Fe-Zr-B ternary system is one of the basic constituent systems relevant to Fe-based magnetic materials. Therefore, it is useful to obtain knowledge on the phase equilibria in this ternary system to provide basic information for understanding of the crystallization behaviour and for further development of these soft magnetic materials.
In this study, to elucidate the phase equilibria in the Fe-Zr-B ternary system, we initially evaluated the thermodynamic properties of various borides appearing in the Zr-B binary system based on first-principles calculations, and then a thermodynamic analysis of the Fe-Zr-B ternary system was carried out using the CALPHAD method, by combining the formation enthalpies obtained from first-principles calculations with the reported experimental data.
Calculation Procedures

First-principles calculations
The energy of formation of Zr-based binary borides was calculated using the WIEN2k software package, 6) based on the Full Potential Linearized Augmented Plane Wave (FLAPW) method with a General Gradient Approximation (GGA). 7) Muffin-tin radii of 2.0 au (0.106 nm) for Zr and 1.4 au (0.074 nm) for B were assumed, and the plane wave basis set up to the cut-off energy of 20 Ry (270 eV) was utilized. The calculation of the total energy for each boride was based on the structural data compiled by Villars, 8) which provides information on the atomic positions for various borides.
Then, the energy of formation of the boride Zr m B n per mole of atoms, ÁE Zr m B n form , was obtained as:
where the terms E Zr m B n total , E hcp-Zr total , and E rhombohedral-B total denote the total energy of the boride Zr m B n , hcp Zr, and rhombohedral B, respectively.
Thermodynamic modelling
A description of the Gibbs energy for each phase appearing in the Fe-Zr-B ternary system will be presented in this section.
The regular solution approximation was applied to the liquid and primary solid solution phases. The molar Gibbs energy of the phase was described using the following equation:
where x i denotes the mole fraction of element i, R is the universal gas constant, and T is temperature in Kelvin. The term o G i denotes the Gibbs energy of element i in the phase and is called the lattice stability parameter. The descriptions of the lattice stability parameters for each pure element were taken from the Scientific Group Thermodata Europe (SGTE) data. 9) The parameter L i; j denotes the interaction energy between i and j in the phase and has a compositional dependency using an n-th degree Redlich-Kister polynomial 10) as follows:
where:
The term L B,Fe,Zr is the ternary interaction parameter between B, Fe, and Zr. The compositional dependency of this parameter is expressed as follows:
It should be noted that boron was treated as a substitutional species in both bcc and fcc Fe in this modelling, following recent results by our group. 11) In that study, a ground state analysis using first-principles calculations showed that various bcc-and fcc-based Fe-B binary superstructures with boron occupying substitutional sites were more energetically stable than those with boron occupying octahedral interstitial sites in the ground state.
The contribution to the Gibbs energy from ferromagnetic ordering was taken into account in the bcc Fe and fcc Fe solid solution phases. 12, 13) Regarding the compound phase with some degree of homogeneity range, the Gibbs energy was represented using the sublattice model. 14) For the Fe-Zr binary compound phases, Fe 2 Zr, FeZr 2 , and FeZr 3 , the formulae (Fe,Zr) 2 (Fe,Zr) 1 , (Fe,Zr) 1 (Fe,Zr) 2 , and (Fe,Zr) 1 (Fe,Zr) 3 , were used, respectively. For the case of the phase with the formula (Fe,Zr) m (Fe,Zr) n , where m and n are the numbers of the sites of Sublattice 1 and Sublattice 2, respectively, the Gibbs energy of this phase per mole of formula unit was described using the following equation: 
where L Fe m Zr n i; j:k (or L Fe m Zr n i:j;k ) is the interaction parameter between unlike atoms on the same sublattice, and its compositional dependency is described using an equation similar to eq. (3).
For the ZrB 2 phase, we adopted the formula (Va,Zr) 1 (B,Va) 2 , where Va denotes a vacancy, based on recent data obtained from neutron diffraction experiments on NbB 2 with the same structure as that of ZrB 2 , 15) where a vacancy was introduced in the Zr sites to account for its hyper-stoichiometric composition. The Gibbs energy of this phase per mole of formula unit is given by: The meanings of the terms appearing in eq. (8) are the same as those in eqs. (6) and (7). The remaining compound phases were treated as being stoichiometric compounds. For example, the Gibbs energy of the Fe 2 B phase per mole of formula unit was described as follows:
where the terms a and b correspond to the enthalpy and entropy terms to be evaluated in the thermodynamic analysis, respectively. As will be described in Section 3.2, the Gibbs energy of all the borides was represented relative to B rather than to B.
Results and Discussion
The Fe-Zr binary system
The Fe-Zr binary system is composed of a liquid (L), bcc ((Fe), (Fe), and (Zr)), fcc ((Fe)), hcp ((Zr)), and four intermetallic compounds, Fe 23 Zr 6 , Fe 2 Zr, FeZr 2 , and FeZr 3 . 16) The Fe-Zr phase diagram has been updated recently, 17) including new experimental results, 18) where Fe 2 Zr was found to exist rather than Fe 23 Zr 6 . However, for this binary system, the thermodynamic parameters assessed by Jiang et al., 19) based on Ref. 16) , were adopted in this study and are listed in Table 1 . The calculated Fe-Zr binary phase diagram is shown in Fig. 1 .
The Fe-B binary system
The equilibrium phases in the Fe-B binary system are: a liquid (L), bcc ((Fe), (Fe)), fcc ((Fe)), rhombohedral ((B)), Fe 2 B, and FeB. 20) Thermodynamic analyses have been performed by several researchers, [20] [21] [22] [23] [24] [25] [26] [27] assuming a substitutional solid solution and/or an interstitial solid solution of boron. More recently, our group has carried out a thermodynamic assessment by combining the firstprinciples and CALPHAD methods. 11) In this study, the thermodynamic parameters assessed by our group, which reproduced first-principles results as well as available experimental data, were adopted and are listed in Table 1 . The calculated Fe-B binary phase diagram is shown in Fig. 2 .
The Zr-B binary system
The Zr-B binary phase diagram has been proposed by Okamoto 28) based on available literature data, [29] [30] [31] [32] [33] [34] [35] [36] as shown in Fig. 3(a) , where we made a slight modification to the allotropic transformation temperature of Zr. The given phase diagram indicates that the Zr-B system is composed of: a liquid (L), hcp ((Zr)), bcc ((Zr)), rhombohedral ((B)), ZrB, ZrB 2 , and ZrB 12 . According to the experimental results, ZrB has a NaCl-type cubic structure, 29, 30, 32) and its thermal stability is in the temperature range 1073-1523 K. 29) Regarding ZrB 2 with an AlB 2 -type hexagonal structure, the congruent melting temperature has been reported to be either 3313 K 29) or 3523 K, 34) and its homogeneity range is < 1 mol%. 31, 34, 35) ZrB 12 with an UB 12 -type cubic structure was formed by the peritectic reaction at T ¼ 2303 K. 34) The eutectoidal decomposition of this phase was reported to be around 1983 K. 31) The solubility of boron in both Zr and Zr appears to be < 1 mol%. 31) Concerning the thermodynamic properties of this binary system, both the enthalpy of formation [37] [38] [39] and the heat capacity 40) of ZrB 2 are available in the literature. Thermodynamic assessment of this binary system has been carried out by Rogl and Potter, 41) where the allotropic transformation of Zr and the formation of ZrB were not taken into account. In this study, the thermodynamic parameters were reevaluated using the formation enthalpies of the borides obtained from our first-principles calculations, as well as available experimental data. It was assumed that Zr was insoluble in rhombohedral B because of its negligible solubility.
The enthalpy of formation data of the borides obtained from our first-principles calculations is listed in Table 2 . Although the stable state of pure B was taken as being rhombohedral B in the SGTE data, 9) each value listed in Table 2 is referred to as hcp Zr and rhombohedral B. As discussed in a previous paper, 11) Fig. 1 The calculated Fe-Zr binary phase diagram. 19) Thermodynamic Analysis of the Phase Equilibria in the Fe-Zr-B System 2537 (1.68 kJ/mol) 42) ) compared with the formation enthalpies of the borides. According to the results, the calculated enthalpy of formation of ZrB 2 is in good agreement with the experimental values. [37] [38] [39] For ZrB, although this boride has been reported to have a NaCl-type cubic structure, our first-principles calculations showed that ZrB with an FeBtype structure was energetically more stable than the NaCltype ZrB, where the total energy of the FeB-type ZrB was calculated using information on the atomic positions for an FeB-type TiB. Thus, we adopted the calculated enthalpy of formation for the FeB-type ZrB in this analysis. It is noteworthy that although there is no experimental information on the formation of the FeB-type ZrB, an FeB-type monoboride forms in both the Ti-B and the Hf-B binary systems. Furthermore, the calculated enthalpy of formation of the FeB-type ZrB was close to the estimated value (À79:3 kJ/mol 41) ) using information on the experimental isothermal section diagram of the Hf-Zr-B system 43) and the description of the Gibbs energy of HfB. 44) The evaluated thermodynamic parameters are listed in Table 2 . The calculated results reproduce the experimental phase diagram nicely, along with the enthalpy of formation obtained from our first-principles calculations, as shown in Fig. 3 and Table 2 , respectively. Figure 4 shows the variation in the enthalpy of formation of ZrB 2 with composition. The symbols denote the values obtained from a ground state analysis on this boride by constructing superstructures derived from an AlB 2 -type structure, following the same procedures as described in a previous paper. 11) The solid line denotes the results evaluated by fitting the thermodynamic parameters corresponding to the excess enthalpy terms in eq. (8) to the formation enthalpy obtained from the first-principles calculations. The calculations indicate that the phase stability of this boride substantially decreases as the composition deviates from the stoichiometric point, resulting in a steep change in the enthalpy of formation of ZrB 2 around the stoichiometric point. This may be responsible for the limited homogeneity range of < 1 mol%. It is noteworthy that according to a previous result, 11) the change in the enthalpy of formation of NbB 2 with the same structure as that of ZrB 2 around the stoichiometric point was gradual, in contrast to the case of ZrB 2 , and this may correspond to this boride exhibiting a homogeneity range of about 5 mol%. 15) 
The Fe-Zr-B ternary system
In the Fe-Zr-B ternary system, the isothermal section diagram at T ¼ 1123 K has been reported over the entire composition range, 45) and the phase boundaries at the Fe-ZrB 2 section have been investigated using thermal analysis. 46) According to the experimental results, there is no information on the ternary compound in this ternary system. The binary borides, except for FeB and ZrB, were treated as being pure binary phases because of the negligible solubility of a third element. In this modelling, the crystal structure of ZrB was assumed to be an FeB-type structure, following our results obtained from first-principles calculations, as already mentioned in Section 3.3, and thus, the Gibbs energies of FeB and ZrB were described by a single expression using the two-sublattice model with the formula (Fe,Zr) 1 B 1 (which are hereafter denoted as the MB phase). The ternary thermodynamic parameters were evaluated in such a way that the calculated phase diagrams would reproduce the experimental phase boundaries, 45, 46) and the evaluated parameters are listed in Table 1 . The calculated isothermal section diagram at T ¼ 1123 K is shown in Fig. 5 , together with the experimental phase diagram. 45) Although there are no experimental data available, a low solubility of Fe in ZrB was introduced to obtain the phase equilibria between ZrB and Fe 2 Zr. The calculated results are in agreement with the experimental phase equilibria, except for the absence of those relevant to FeZr 3 in Fig. 5(b) , which has been included in the assessed Fe-Zr phase diagrams. 16, 17) Figure 6 shows the calculated vertical section diagram along 
Conclusions
A thermodynamic analysis of the Fe-Zr-B ternary system has been carried out using the CALPHAD method, mainly based on available experimental data. Among the three binary systems relevant to this ternary phase diagram, the thermodynamic descriptions of the Fe-Zr and Fe-B binary systems were taken from previous studies. For the Zr-B binary system, the thermodynamic parameters were evaluated by incorporating thermodynamic properties of the borides into the CALPHAD approach. The results obtained are summarized as follows:
(1) Our first-principles calculations showed that ZrB with an FeB-type structure was energetically more stable than that with a NaCl-type structure. 
